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Abstract. Let faig1i¼1 be an increasing nonconstant sequence of positive real numbers. Under























where n;m2N and r is a positive number, an! denotes
Qn
i¼1 ai. The upper bound is the best possible.
This inequality generalizes the Martins’ inequality. A special case of the above inequality solves an open
problem by F. Qi in Generalization of H. Alzer’s Inequality, J. Math. Anal. Appl. 240 (1999), 294–297.
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1. Introduction
It is well-known that the following inequality
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holds for r > 0 and n2N. We call the left-hand side of this inequality Alzer’s
inequality [1], and the right-hand side Martins’s inequality [5]. Alzer’s inequality
has invoked the interest of several mathematicians, we refer the reader to [3, 6, 11,
13] and the references therein. Recently, Qi and Debnath [10] proved: Let n;m2N
and faig1i¼1 be an increasing sequence of positive real numbers satisfying
ðk þ 2Þarkþ2 
 ðk þ 1Þarkþ1








The third author was supported in part by NNSF (#10001016) of China, SF for the Prominent Youth
of Henan Province (#0112000200), SF of Henan Innovation Talents at Universities, NSF of Henan
Province (#004051800), SF for Pure Research of Natural Science of the Education Department of
Henan Province (#1999110004), Doctor Fund of Jiaozuo Institute of Technology, China.

















The lower bound of (1.3) is the best possible.
In [9], [12], [14], [15], Qi and others proved the following inequalities:
n þ k þ 1











n þ m þ k
r
; ð1:4Þ
where n;m2N and k is a nonnegative integer.
In [8, 10], Qi proved: Let n and m be natural numbers, k a nonnegative integer.
Then
n þ k















where r is any given positive real number. The lower bound is the best possible.



















ðn þ m þ kÞ!=k!nþm
p ; ð1:6Þ
where r > 0, n;m2N, k2Zþ.
The purpose of this paper is to verify and generalize the above inequality (1.6),
that is
Theorem 1. Let faig1i¼1 be an increasing nonconstant sequence of positive real
numbers satisfying










































where r is a positive number, n;m2N, and an! denotes
Qn
i¼1 ai. The upper bound
is the best possible.
Notice that if a positive sequence faig1i¼1 satisfies inequality (1.7), then we call
it a logarithmically concave sequence. The proof of Theorem 1 is motivated by [5].
As a corollary of Theorem 1, we have:
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Corollary 1. Let a be a positive real number, b a nonnegative real number, k a




















i¼kþ1 ðai þ bÞ
nþm
q : ð1:10Þ
By letting a ¼ 1 and b ¼ 0 in (1.10), we recover inequality (1.6).
2. Lemmas
To prove our main results, the following lemmas are necessary.
Lemma 1. For any positive integers ‘ and n such that 24 ‘4 n, let faig1i¼1 be
an increasing nonconstant sequence of positive real numbers satisfying inequality







































Now we prove (2.4) by induction. For n ¼ 2, inequality (2.4) follows from
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which completes the induction. &
Lemma 2. For any positive integers ‘ and n such that 14 ‘4 n, let faig1i¼1 be
an increasing nonconstant sequence of positive real numbers satisfying inequal-

























The proof is complete. &
Lemma 3 (K€onig’s inequality [2, p. 149]). Let faigni¼1 and fbig
n
i¼1 be decreas-






ai; 14 k4 n; ð2:15Þ






ari ; 14 k4 n: ð2:16Þ
Remark 1. This is a well-known result due to K€onig used to give a proof of
Weyl’s inequality (cf. Corollary 1.b.8 of [4, p. 24]).
By a close inspection of the original proof of K€onig’s inequality in [4], it
follows that the equality in (2.16) holds if and only if ai ¼ bi for all 14 i4 n.
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3. Proofs of Theorem 1 and Corollary 1
Proof of Theorem 1. Inequality (1.9) holds for n ¼ 1 by the power mean



















































p ; 04 j4 n; ð3:3Þ






















































ing. Therefore, by Lemma 3, to obtain inequality (3.2), it is sufficient to prove
inequality
bm!5 cm! ð3:7Þ
for 14m4 nðn þ 1Þ.








for 14m4 nðn þ 1Þ.
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For 04 ‘4 n and 04 j4 n 
 1, we have 14 ðn 
 ‘Þn þ ðn 
 jÞ ¼
ðn 
 ‘Þðn þ 1Þ þ ð‘








































; ‘4 j; ð3:11Þ
where a0 ¼ 1.
The last term in (3.11) is bigger than the right term in (3.10), so, without loss of
generality, we can assume j<‘. Therefore, from formulae (3.9) and (3.10),
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This follows from inequality (2.1). Inequality (1.9) follows.
Note that, since the sequence faigi 2 N is nonconstant, inequality (1.9) is strict.
In fact, considering Remark 1, in our case we only need to verify bnðnþ1Þ < cnðnþ1Þ.
It is easy to verify bnðnþ1Þ < cnðnþ1Þ which is equivalent to ðan!Þ1=n < ðanþ1!Þ1=ðnþ1Þ.

























thus, the upper bound is the best possible. The proof is complete. &
Proof of Corollary 1. It suffices to show the sequence faig1i¼1 ¼
faðk þ iÞ þ bg1i¼1 satisfies the inequalities (1.7) and (1.8) for any nonnegative
integer k. It is easy to show
að‘þ k þ 1Þ þ b
að‘þ kÞ þ b 4
að‘þ kÞ þ b
að‘þ k 
 1Þ þ b ð3:19Þ
for any positive integer ‘> 1 and nonnegative integer k. Inequality (1.7) holds for
the sequence faig1i¼1 ¼ faðk þ iÞ þ bg
1
i¼1.
Now consider the function





; x> 0 ð3:20Þ
with c5 0 a constant. Then






 xðx þ cÞðx þ c þ 1Þ ; ð3:21Þ
f 00ðxÞ ¼ 
 ð2c þ 1Þx þ 2cðc þ 1Þ
ðx þ cÞ2ðx þ c þ 1Þ2
< 0: ð3:22Þ
Thus f 0ðxÞ is decreasing. From limx!1 f 0ðxÞ ¼ 0, we deduce f 0ðxÞ> 0 and f(x) is
increasing, and the function 
1 þ 1
x þ k þ b=a
x
ð3:23Þ
is increasing for x> 0. Hence
að‘þ k þ 1Þ þ b




að‘þ kÞ þ b
að‘þ k 




holds for any positive integer ‘> 1 and nonnegative integer k. Inequality (1.8)
holds for the sequence faig1i¼1 ¼ faðk þ iÞ þ bg
1
i¼1.
Corollary 1 follows. The proof is complete. &
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Remark 2. The main result in [10], inequality (1.2) and (1.3) of this paper, can
be further generalized to the following form, and we will leave the proof to the
reader since it is similar to the one in [10].
Theorem 2. Let n;m2N, n ¼
Pn
i¼1 i, i > 0 and faig
1
i¼1 be an increasing

























The lower bound of (3.26) is the best possible.
Remark 3. Recently, some new inequalities for the ratios of the mean values of
functions were established in [16].
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